Incomplete information exists widely in practical engineering. How to model the incomplete information in the Dempster-Shafer evidence theory (DST) framework is still an open issue. In this paper, we present a framework on incomplete information processing in DST. We extend the model of uncertain information from the closed world assumption to the open world assumption where the incomplete information is a new type of uncertain information excluded in the closed world assumption. After that, we give a framework of incomplete information modelling and fusion in the DST framework. Finally, an example of decision-making process in air combat situation assessment with incomplete situation is introduced to show the rationality of the proposed method.
I. INTRODUCTION
How to model and process the incomplete information is an open issue [4] . There is an assumption that if the frame of discernment for uncertain information is complete, then the information can be addressed in the classical processing space named as the closed world. Otherwise, the uncertain information should be processed in the open world assumption [23] where the frame of discernment may be incomplete. Currently, most of the researches focus on uncertain information processing in Dempster-Shafer evidence theory (DST) in the closed world assumption [17] , [26] , [27] , [34] , the incomplete information in the open world assumption should also be modeled cautiously. In [13] , [14] , uncertain information is defined as three types including the fuzziness information, the discord information and the non-specificity information. The incomplete information is out of the scope in the existed classifications of uncertain information. To address this issue, this paper extends the existed model of uncertain information from the closed world assumption to the open world assumption where the incomplete information is a new type of uncertain information.
As for uncertain information processing, many theories and methods have been presented for uncertain information The associate editor coordinating the review of this manuscript and approving it for publication was Chao Tan . processing, including information entropy [22] , probability theory [7] , fuzzy sets theory [30] , DST [1] , [21] , belief functions [16] , [34] , rough sets theory [9] , random sets theory [19] , [25] , evidence reasoning [32] , [35] and so on [6] , [8] . Among the aforementioned methods, DST is an effective and a typical method for uncertain information processing in decision making [3] , pattern recognition [18] , [20] and so on. In DST framework, the uncertain information can be modeled as mass function, the uncertainty can be measured by belief entropy [2] , [5] , [12] , [15] or other factor [10] , the uncertain information can be fused with Dempster's rule of combination as well as the other extended rules [28] , [31] . To address the incomplete information processing, the uncertain information processing model in the classical closed world scopes will be extended to the open world assumption in the evidence theory.
To effectively address the incomplete information fusion, this paper propose a new framework in the evidence theory regarding the open world assumption. Firstly, the non-zero mass function value of the empty set will be applied to model the incomplete information in the open world assumption. evidence modeling will be based on air combat situation understanding according to the knowledge in military domain. Secondly, to preprocess the uncertain information modeled in DST, the uncertainty of each evidence is measured and applied for evidence modification. The uncertainty measure for evidence is based on the extended belief entropy in the open world assumption [24] . Finally, the generalized combination rule (GCR) [4] of Dempster's rule of combination is chosen for information fusion after evidence modification. The numerical experiment is presented to illustrative the proposed method as well as to show the effectiveness and availability of the new method.
This rest of this paper is organized as follows. The preliminaries are introduced in Section II. In Section III, a new uncertainty framework in the open world assumption is proposed to address the incomplete information in the evidence theory. Then, the way of addressing the incomplete information fusion in the evidence theory is presented in Section IV. A simple example is presented in Section V. Section VI is the conclusion of this paper.
II. PRELIMINARIES A. DEMPSTER-SHAFER EVIDENCE THEORY
Some basic definitions in DST are presented as follows [1] , [21] .
Definition 1: Assume that = {θ 1 , θ 2 , . . . , θ i , . . . , θ N } is a nonempty set with N mutually exclusive and exhaustive events, is the frame of discernment (FOD). The power set of consists of 2 N elements denoted as follows:
Definition 2: A basic probability assignment (BPA) or mass function denoted as m is a mapping from the power set 2 to the interval [0,1]. m satisfies:
If m (A) > 0, then A is called a focal element. m (A) indicates the support degree of the evidence on the proposition A. Definition 3: A BPA m can also be represented by the belief function Bel or the plausibility function Pl , defined as follows:
Definition 4: In DST, 2 independent mass functions m 1 and m 2 can be fused with Dempster's rule of combination:
where k is a normalization factor defined as follows:
The aforementioned definitions belong to the classical DST defined in the closed world assumption. In the open world, Dempster's rule of combination is extended as the generalized combination rule (GCR) by Deng [4] . [13] , [14] .
B. GENERALIZED COMBINATION RULE IN THE OPEN WORLD
Definition 5: Give 2 BPAs (m 1 and m 2 ), the generalized combination rule (GCR) is defined as follows [4] :
In GCR, the fusion result of 2 empty sets is defined as ∅ 1 ∩ ∅ 2 = ∅, which means that the intersection between 2 empty sets is still an empty set. More properties related to the GCR can be found in [11] .
C. EXTENDED BELIEF ENTROPY IN THE OPEN WORLD
Definition 6: The extended belief entropy in the open world (EBEOW) is defined as follows [24] :
where |A| is the cardinality of the proposition A, X is the FOD, |X | denotes the certain element number in FOD, m (∅) |X | is proposed to denote the uncertain element number in FOD with respect to the corresponding proposition (A). ' ' is the symbol of the ceiling function, which means the smallest integer that is no smaller than the independent variable, e.g. 0.8 = 1, 0.1 = 1.
III. UNCERTAINTY FRAMEWORK IN THE OPEN WORLD ASSUMPTION
In [13] , [14] , the uncertain information including three types including the fuzziness information, the discord information and the non-specificity information. In addition, the discord information and the non-specificity information is known as the ambiguity information. The model of uncertain information in the closed world assumption is shown as Fig.1 . In this paper, to address the incomplete information in practical information, we extend the model of uncertain information in the closed world assumption to the open world assumption. Correspondingly, the model in Fig.1 is extended to a new model where the incomplete information is a new kind of uncertain information ignored by the classical model of uncertain information in [13] , [14] , shown as Fig.2 . The incompleteness information including mainly three aspects:
• unknown information because of limited intelligence or detection technology,
• new piece of information, • uncertain information from the open world assumption [4] . Consequently, the mass function of the empty set is adopted to address the incomplete information in the open world assumption.
• Reasoning form the closed world assumption [4] . • New item comes from the time series. • The open world assumption is an extension of the closed world assumption and can be a generalized case of the classical assumption.
IV. INCOMPLETE INFORMATION FUSION IN THE EVIDENCE THEORY
The framework of incomplete information modeling, preprocessing and data fusion is shown in Fig.3 . The five steps in the improved belief entropy-based situation assessment method for air combat is described as follows.
• Step 1, analyzing the incomplete information in the evidence theory. The incomplete information comes from (1) the experts' knowledge, (2) the inference from the complete information in the closed world [23] , (3) the open world characteristics such as new target, unknown target and so on. The non-zero mass function of the empty set is used to represent the incomplete information in the evidence framework [4] .
• Step 2, define the incomplete FOD. The incomplete FOD is an extension of the existed FOD in the closed world assumption. In other words, the FOD in the closed world is now an incomplete FOD. The empty set in the classical FOD is now a focal element in some cases.
• Step 3, evidence modeling. Evidence modeling of the existed element is the same as that of in the closed world assumption. The difference is that the empty set now represents incomplete item in the open world assumption.
• Step 4, evidence modification based on EBEOW.
The preprocessing of evidence contributes to better fusion results [33] . Many methods is available for evidence modification. In this paper, we adopt the belief entropy in the open world assumption for evidence modification [24] .
• Step 5, information fusion based on GCR.
In the open world assumption, the classical Dempster's rule of combination is not available. Thus, the GCR in [4] which is an extension of Dempster's rule of combination in the open world assumption is adopted for information fusion in the proposed method.
V. AN EXAMPLE
Assume that, in air combat situation assessment, there are three types of battlefield situation named the attack situation denoted as sa1, the defence situation denoted as sa2, and the escape situation denoted as sa3. In addition, there exist unknown type of air combat situation such as the feint situation and so on. Therefore, the problem should be taken into consideration in the open world assumption. Define that, in the open world assumption, the incomplete FOD for the types of battlefield situation is = {sa1, sa2, sa3}. Four experts assess the air combat situation, the corresponding assessments are denoted as m 0 , m 1 , m 2 and m 3 , the modeled evidence is shown in Table 1 . To address the assessment information cautiously, we take the aforementioned the 4th step to preprocess the uncertain information before evidence fusion. Consequently, the EBEOW is adopted to measure the uncertainty of the situation assessment information. With Eq. (7), the uncertain degree of each piece of evidence measured by the EBEOW for the evidence is shown as follows:
The proposed method for incomplete information processing in the evidence theory framework. 
where sa denotes sa1, sa2, sa3 and ∅.
If an evidence has a big uncertain degree which is represented by a big value of the EBEOW, then the reliability of the evidence is small, which means the evidence should have a small contribution to the final decision of situation assessment. Based on this cautious rule, the preprocessing of the evidence based on the uncertainty measure results will be based on the following function:
With Eq.(9), the preprocessing results is shown in Table 2 . Subsequently, information fusion based on GCR. After evidence modification, information fusion will be based on GCR shown in Eq. (6) . According to the logic of information fusion in [29] , if the evidence modification is based on n (n = 2, 3 . . .) pieces of evidence, the time of information fusion should be (n − 1). There are 4 pieces of evidence, after evidence modification, the time of information fusion for the preprocessed evidence in Table 2 is 3.
The fusion results with evidence modification of Table 2 are presented in Table 3 . Table 3 also presents the result of data fusion without evidence modification.
The fusion results in Table 3 show that the situation is sa1 with a belief of 82.63% based on the proposed method. As a comparison, the fusion result with only GCR combination rule shows a belief of 62.37% on sa1. Fig. 4 directly shows that the proposed method has a higher belief on the potential recognized target which can contribute to a better decision making effect in practical engineering. The numerical example validates the availability and efficiency of the proposed method.
VI. CONCLUSION
Incomplete information is a separate type of uncertain information except from the fuzziness information, the discord information and the non-specificity information types in the closed world assumption. We proposed a new framework of uncertain information which is consist of the incomplete information in the open world assumption and the fuzziness information, the discord information and the non-specificity information in the closed world. To address the incomplete information in the open world assumption, we propose a framework for incomplete information processing in the evidence theory framework. The extended belief entropy in the open world assumption is adopted to address the uncertainty degree of uncertain information. Finally, an illustrative example is presented to show the availability of the proposed method. The following work of this note will be focused on modeling, measuring and processing incomplete information in the open world assumption in evidence theory. Especially, the proposed framework for uncertain information can be adopted to analyze large data sets in the recent digital universe. We will apply the proposed method to investigate the various possible inputs and the correctness of the outputs in other simulated or synthetic data environment.
